Abstract: Service provision is often governed by a contract (e.g., newspaper subscriptions, phone contracts, and credit agreements). Typically, such a contract includes rules that influence the dynamics of the customer in the marketplace. Typical examples are minimum contract durations, or fixed time instants for contract termination. The goal of these rules is to increase the future total profit gained from the customer, which is usually denoted with the term customer lifetime value (CLV).
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Introduction
The concept of customer lifetime value (CLV) has attracted increasing attention in the last decades, especially in the field of marketing. Valuating individual customers with respect to their future expected profit is a key input for many marketing decisions and has become central to relationship management (Berger and Nasr, 1998; Malthouse and Blattberg, 2004) . CLV is usually defined as the sum of the future revenues of a given customer, minus the costs of attracting, selling and servicing this customer (Berger and Nasr, 1998; Jain and Singh, 2002) .
The sum of the CLVs of all customers is often called the customer equity, and is widely considered as a proxy of a firm's value (Gupta et al., 2006; Berger et al., 2006) . This is particularly true in service contexts, where the customer equity is often much larger than the other assets of the company.
Since the CLV is defined by the future profits gained from a customer, the CLV depends on the future behaviour of the customer which is not known in advance. The better this behaviour is described, the more the calculated CLV value is a reasonable metrics for the value of a customer. Considerable effort has been undertaken to develop good models for calculation of the CLV [see e.g., Gupta et al. (2006) for a review].
Often, the relationship between firm and client is governed by contracts. Examples are telecom, service subscriptions such as TV, newspapers, or video rentals, but also service contracts for auto repair, credit contracts, and many others. Viewed from a business perspective, such contracts aim at influencing the future behaviour of the customers. For example, a customer signing a minimum duration clause in a contract is effectively bound to the firm for a certain amount of time, thus suppressing contract termination and churn. Another example is a yearly renewal policy: by restricting the possibility of cancelling to a short period of a year, the churn probability is reduced, and an increase of the contract duration can be expected.
Thus it can be expected that the contract design is a relevant component of the CLV of a signing customer. This is particularly relevant for dynamic markets with low switching costs, for example communication providers (telecom, and internet), contract-based services such as video rentals or the like.
The focus of this paper is to clarify the relationship between the CLV of an individual client and the contract design with respect to contractual elements that influence the future dynamics of the customer. We show that classical CLV models do not take these dynamics-changing elements of contracts into account. In particular, the popular Markov chain models (MCM) are not able to cope with such contract structures.
We derive a new modelling framework based on Semi-Markov models (SMM) for the calculation of CLV which is able to describe contract rules influencing the customer dynamics for many typical applications. We furthermore show that the usage of classical MCMs may lead to significant errors in the calculated CLV values and thus may lead to wrong marketing decisions.
Estimating CLVs of individual customers or customer segments of a company, and usage of this information for controlling the marketing activity of a firm, may lead to a significant competitive advantage, in particular in competitive markets. On the other hand, exploiting existing and available customer data by using a dynamical customer model as described in this paper, and using this as a basis for predicting an organisation's future profit, is a highly sophisticated and knowledge-intensive task. This task is usually performed by analytics specialists, either as an internal service of a business analytics department for the firm's decision makers, or as a B2B service, offered by a specialised marketing analytics company.
Thus, the described formal approach is, by itself, a good example for a knowledgeintensive service with a high value-adding potential for every firm whose profits depend significantly on dynamical customer relationships.
Literature review
The notion of CLV of customers has become a popular research topic during the last decade (see Reinartz and Kumar, 2003; Rust et al., 2000) . It has been shown to be an important and useful concept in marketing, especially in micro marketing and direct marketing. The CLV is usually defined as the estimated present value of an individual customer's future cash flows, including future revenues as well as future costs (Jain and Singh, 2002) . Historically, CLV has been used primarily in the realm of direct marketing due to the availability of individual data on the customers. In the advent of internet-based communication, however, many more opportunities have appeared. This has significantly renewed the interest in CLV among marketing researchers (Jain and Singh, 2002) .
Conceptually, the notion of CLV is defined on an individual customer level. However, integrating all customers of a firm, a natural extension is to define the customer equity as the sum of the future profits of all customers (Blattberg and Deighton, 1996; Rust et al., 2004; Gupta et al., 2005; Villanueva and Hanssens, 2007; Berger et al., 2006) . Customer equity is usually considered as a good proxy for the value of a firm (Gupta et al., 2005) .
The concepts of CLV and CE has been used for solving relevant management questions on, e.g., allocation of marketing spending, understanding the connection between market spending and financial performance, and optimising customer relationship management (Rust et al., 2000; Gupta and Lehmann, 2003; Rust et al., 2004; Kumar et al., 2006; Villanueva and Hanssens, 2007) . Especially in relationship marketing, CLV has become central (Berger and Nasr, 1998; Malthouse and Blattberg, 2004) .
A crucial point when using any CLV approach is the method how to determine the CLV of individual customers, based on the available data. The first CLV models have been introduced by Dwyer (1989) in the context of direct marketing. An overview of CLV models is given in Berger and Nasr (1998) and Jain and Singh (2002) . In the original paper of Dwyer (1989) , he proposed that customers can be broadly divided into two groups: lost-for-good customers, and always-a-share customers. Lost-for-good customers are assumed to be lost forever once they leave the company. Such a case can be expected in situations with high switching costs. In the always-a-share model, customers may switch frequently between different providers.
Classical retention models usually assume lost-for-good situations. In these models, a retention rate (or, equivalently, a churn rate) is estimated for each customer. Based on this rate, the residual lifetime can be calculated. Coupled with financial assumptions this may be used to calculate the CLV.
It has been argued (Rust et al., 2004 ) that the lost-for-good assumption systematically understates CLV because a lost customer may return, and thus an always-a-share assumption is more realistic. This leads to the so-called migration models (Berger and Nasr, 1998; Dwyer, 1989 ) where a customer is assumed to be in one of several states, and his/her dynamics is governed by transition probabilities between these states.
The lost-for-good model can be interpreted as a two-state migration model with the states 'alive' and 'dead', and the additional assumption that there is no migration from 'dead' to 'alive' (see Pfeifer and Carraway, 2000) . Thus, the always-a-share model is more general and includes the lost-for-good case as a special case.
An excellent overview on CLV models in a wider context of customer-based analysis is given by Fader and Hardie (2009) . The authors stress that fact that for predicting the future behaviour of customers, probabilistic models have to be used due to incomplete knowledge.
The modelling of future customer behaviour seems to be governed by two streams of research. The first stream focuses on the lost-for-good model. All classical retention models belong to this category. In this context, duration dependent churn or retention effects have been studied, and models have been developed for coping with these effects (see e.g., Reichheld and Teal, 2001 ). Fader and Hardie (2009) pointed out that duration-dependent effects may be rather strong and should not be neglected. As an example, they cite Fielding (2005) who reports that "renewal rates at regional magazines vary; generally 30% of subscribers renew at the end of their original subscription, but that figure jumps to 50% for the second-time renewals and all the way to 75% for long-time readers". However, in the literature, modelling of duration dependent transition rates seems to be restricted to this lost-for-good case.
The second stream focuses on the always-a-share idea where the dynamics of a customer manifests itself as migrations between different states. Pfeifer and Carraway (2000) and Rust et al. (2000) propose the general framework of Markov chains for modelling these dynamics. The states of a customer may be defined differently. For example, Pfeifer and Carraway (2000) define the state of a customer as his/her recency in one application. In another application, the states are defined as 'prospect customer', 'customer', and 'former customer'. Rust et al. (2000) attach the states to specific brandsthe fact that a customer is in state i at period t means that he is buying brand i at this period.
To our knowledge, all migration models cited in literature are based on a Markov assumption. This has the advantage of leading to a simple model where the dynamics of a customer are fully described by a single switching matrix. As a consequence, however, the switching probability may not depend on the duration of the sojourn time in the state. While this may be a good approximation in some settings, this may not be the case for many others as empirical evidence from the first stream of research suggests. In particular, it is not a realistic assumption in contractual settings where the contract usually has a direct impact on the user behaviour.
In our contribution, we combine the two research streams and develop a model which is: a able to cope with duration-dependent transition probabilities b can be applied to the more general always-a-share model, in particular can be used for an arbitrary number of states.
We provide a formal definition and a calculus to determine the CLV from the probabilistic model. The new model is based on a Semi-Markov approach which is a generalisation of the MCM, and thus contains the MCM as a special case. This allows a direct comparison of the results of the MCM and the new model. Our model is based on a customer individual level, and the model parameters are estimated for each customer or each customer segment separately. This is a similar approach as in Rust et al. (2004) . It allows using the model for direct marketing purposes.
Modelling CLV with sojourn time dependent customer dynamics

Introductory example
The concept of CLV is based on a calculation of future profits of a given customer where profit is defined as revenue minus costs. Within this paper, we use the following expression for the CLV of a given customer k:
where R k is the total future profit, c k (t) is the net cash flow in time step t (revenue minus costs in period t), and α is a discount factor with α < 1. Time is given in discrete steps where a time step may denote a day, a month, or any reasonable time unit. We use an infinite time horizon, but our approach can be easily adapted to a finite time horizon.
Since the future cash flows c k (t) are subject to uncertainty, the future profit is a random variable with both an expectation value as well as variability. Since we focus on B2C applications, in particular direct marketing purposes with many customers, we ignore the variability and define the CLV as the expectation value of R k :
We assume that the customer has a choice of different contracts i (i = 1,…,N) and may change his contract over time. At each time, only one contract is possible. For example, different subscription options for a telecom provider may be available to the customer. The change of contract obviously has an impact on the profit. For the sake of simplicity, we assume that the profit is a constant profit rate (profit per time period) which only depends on the contract type but not on the specific behaviour of the customer. This is the case for subscription contracts with a flat rate, e.g., many telecom and mobile contracts. Other popular examples are many video-on-demand subscription, or newspaper and journal subscriptions. It should be noted, however, that our approach can be extended to customer-specific revenue patterns as well as variable revenue under each contract i. The customer dynamics itself is a stochastic process with a discrete state space, each state i being defined by the corresponding contract.
As an example, we consider the case of a newspaper subscription. State 1 corresponds to the situation where a customer has no contract at all. In this case, the profit per time period is c 1 = 0. State 2 is a non-limited subscription contract with a weekly profit of c 2 > 0.
Let us assume that the provider offers a test subscription for three months at a reduced price. This is a third state i = 3 with corresponding revenue c 3 < c 2 . In addition, we assume that the provider offers a free four-week test subscription by direct phone marketing. This corresponds to a state i = 4 with c 4 < 0, because there are no revenues but still delivery and production costs arise. In Figure 1 , the state space diagram is shown. The arrows show the possible transitions. The dynamics of a customer is influenced by different factors. Some transitions are related to autonomous behaviour of customers, e.g., all transitions to a lower contract. For example, the transition 2 → 1 means a termination of the regular subscription by the customer. Depending on the contract, this might happen at any point of time (sometimes after an initial non-cancellation period), or on a yearly basis, or at any other pattern.
In contrast to the autonomous transitions, the transition 1 → 2 is triggered by a marketing activity. The transitions 3 → 2 and 4 → 2 are mutations of the temporal contract to a regular subscription -it is exactly these transitions that the provider wants to generate by offering a test subscription or the free trial.
Calculating the CLV of a customer in such a framework requires a probabilistic dynamical model for the customer's dynamics within the state space, and a combination of this model with the profit structure of the different states.
Customer dynamics
In this section, the general model for the description of the customer dynamics is described. We will show that a MCM is not able to cope with a sojourn time dependent dynamics, and we propose a new modelling approach based on a SMM.
At every time instant t (t = 1,2,3,…), a customer is in a state X(t):
( ) , with 1,2
where N marks the number of states. The initial condition is denoted by X(0). The temporal development of X(t) for t > 0 is a stochastic process whose characteristic has to be described by a suitable model. The simplest model is a MCM which assumes that a customer in state i has a time-independent probability p ij of changing the state to j in the next time step (see also Pfeifer and Carraway, 2000) . With this model, the expectation value of equation (2) can be calculated analytically. A central property of the Markov model is that the process is assumed to be 'memoryless', i.e., the dynamics in a given state only depends on the actual state, but neither of what happened before nor how long the customer is already in this state. An immediate consequence is that sojourn times are always random and geometrically distributed (Ross, 1995) .
As discussed above, this central assumption is not realistic in many cases, and sojourn time dependent effects should be taken into account. This is possible with the so-called Semi-Markov model (SMM, see Ross, 1995) . A SMM is defined by the following property: The dynamics may depend on the sojourn time in the present state, but not on what happened before the last state change. Thus, a part of the memoryless property is preserved, which makes the model analytically tractable and motivates the name Semi-Markov. Hence, SMM is a natural extension of the MCM when considering sojourn time dependent dynamics.
In SMM, the model consists of two parts: the first part models the sojourn time characteristics, i.e., when the current state is left. The second part models how the state change happens, i.e., to which other state the process jumps once it leaves the current state. This is worked out in the following.
Assume that the process is in state i with a given sojourn time T. There are two formal model elements that describe the dynamics in the next time step: a The hazard function h i (T) specifies if the customer leaves the current state in the next time step. More specifically, h i (T) is the probability of leaving the current state i, given the sojourn time T. Note that because we are in a discrete time setting with T = 0,1,2,…, , h i (T) is a discrete function in contrast to the usual definition of a hazard rate which is used for continuous time models. Each state may have a specific hazard function h i (T).
b The N × N transition matrix P(T) describes to which state the transition occurs if the current state is left at sojourn time T. More specifically, the matrix element p ij (T) is the probability that the process jumps into state j, if it leaves state i at time t. Since P(T) may depend on the sojourn time T, this is a function rather than a constant matrix.
Using these modelling elements, any Semi-Markov process can be parameterised. Note that MCM are special cases of SMM, characterised by the fact that the hazard function as well as the transition matrix are constant, i.e., do not depend on the sojourn time T. The usual basic building block of an MCM, the probability of jumping from state i to state j in the next time step, is given by h i and p ij which again are sojourn time independent.
Examples of hazard functions
In Figure 2 , some prototypical hazard functions for contractual settings are shown. Figure 2(a) is the reference case for a Markovian dynamics: the hazard function is constant independent of the sojourn time T. Figure 2(b) shows the hazard function for a case of a contract with a minimum contract duration, leading to a zero hazard function during this period, where the termination rate is assumed to be constant after this initial period.
There might be customers who decide to cancel within the minimum duration period, and cancel at the first possible time instant. This would lead to a cancellation peak directly at the end of the minimum duration period, and would result to a hazard function as shown in Figure 2 ) shows an example where the shape of the hazard function is determined not by a contract rule but solely by the loyalty effect in the autonomous behaviour of the customers: long-term customers usually have a lower churn rate than new customers, and this is reflected in a decreasing hazard rate (Reichheld and Teal, 2001) .
From the examples of Figure 2 , we can conclude that in many common situations we would expect a strong deviation from Markovian dynamics. In particular, many typical contract restrictions have a strong influence on the hazard function.
Note that the hazard function is always a superposition of both contract rules and autonomous customer behaviour, and the interaction of both these elements may be complex. This is the case, for example, with the cancellation peak in Figure 2(c) .
Empirically, the hazard function can be estimated be tracking customers over time. This estimated hazard function thus reflects both dynamical elements. 
h(T)
T h(T)
Note: In (a), the reference case of a Markovian dynamics is shown.
Calculation of CLV with SMM
In this section, the calculation of the CLV is derived under a Semi-Markov dynamics. We assume the following: • A customer is defined by an individual set of hazard functions h i (T), i = 1, …, N, and a transition matrix function P(T). His state at t = 0 is X(0) = k, with a current sojourn time T 0 .
• The profit per period for this customer in state i is given by c i (i = 1, …, N). The vector of profits is denoted by . c
• Future profits are discounted with a discount factor α.
The algorithm has two steps: In a first step, a vector
which corresponds to the CLV-values of the customer for all possible initial states i, under the additional assumption that the customer has just moved into the state i (i.e., T 0 = 0). In a second step, the CLV is calculated for the current initial state k and the current T 0 . For details on the calculation we refer to Heitz et al. (2010) . It can be shown that
The function f i (T) is the probability distribution of the sojourn time which can be calculated from the hazard function by
(2) 1 (0)
.....
Equation (3) is a system of coupled linear equations that can be solved easily leading to the values J i , i = 1,…,N. From this result, the CLV of a customer in state k with sojourn time T 0 is given by
and the modified probability distribution ( )
So, as an important result, we can state that the CLV of a given customer can be calculated analytically according to equation (5), given the model parameters h i (T), i = 1,…,N, and the transition matrix function P(T). As can be seen by comparing equation (5) with equation (3), the quantities J i correspond to the CLV of state i with T 0 = 0.
Comparison of SMM and Markov model
In the last section, we have shown how the CLV can be calculated using an SMM. However, using SMM leads to both more efforts in estimating the model parameters from data, and more complicated formulae for the CLV calculation, compared to the classical case of the MCM. In this section, we analyse the improvement of the CLV calculation when using the SMM approach instead of a simpler MCM approach. For doing this, we start from the assumption that the process is a Semi-Markov process with given model parameters. The true CLV would therefore be given by equation (5). What would be the estimated CLV if we applied a MCM instead as an approximation?
In order to analyse this questions, we assume that the MCM is modelled by both hazard function and transition matrix as with the SMM, but require that both elements are constant rather than dependent on T. We denote them by the symbols ˆi h and ˆi P . What are the best values for ˆi h and ˆi P if we try to mimic the observed dynamical behaviour of a Semi-Markov process approximately? For simplicity, we restrict ourselves to the case of a SMM with a constant transition matrix P.
An intuitive approach is to require that the approximate MCM yields a the correct expected total sojourn time for a single state sojourn. It can be shown that this means that the x i in equation (4) b the correct proportion of state changes from each state i to the possible next states j ≠ i. This means that the corresponding transition matrix of the approximate MCM must be identical to the original one: P P = .
(Note that we have assumed that P is constant).
It is easy to see that the quantities J i of equation (3), calculated via the approximate MCM, remain unchanged. This means, that the CLV of T 0 = 0 is calculated correctly even when using the simplified MCM approach! However, this is no more true for T 0 > 0. Since the Markov model is memoryless by definition, the MCM-CLV is the same for all possible T 0 , where in reality the CLV depends on T 0 which is reflected in equation (5) due to the T-dependence of k x and kj y .
Hence, we can conclude: for a customer in state i with sojourn time T 0 , the approximate MCM yields a CLV which is identical to SMM CLV, evaluated at T 0 = 0.
Example
As an example for comparing the difference between Markov modelling and Semi-Markov modelling, we consider the hypothetical case of a contract with minimum contract duration of one year. We assume that a specific customer has a probability of 50% of terminating the contract after the first year. If he does not cancel the contract at this time, he will stay in the contract with a constant hazard function and an average sojourn time of five additional years, thus having a total contract duration of six years. The resulting hazard function is similar to the one displayed in Figure 2 (c). We assume furthermore that the customer never comes back after termination of the contract, and we disregard discounting, setting α = 1. The revenue is one per year during the contract period, and 0 afterwards.
The expected lifetime for a customer who just has subscribed to the contract (T 0 = 0) is 3.5 years. That means that CLV(T 0 = 0) = 3.5. Corresponding to the discussion above, the customer would be assigned a CLV of 3.5 for all T 0 , if a MCM were used.
However, in reality the CLV changes substantially during time. Shortly before the end of the first year, the CLV may be 0 (if the customer is going to terminate at T = 1 yr), or 5 (if the customer stays within the contract). Thus, the expected CLV for T 0 = 1 yr is 2.5.
Directly after T = 1 yr, the average remaining contract time is five years, if the customer is still in the contract. That means that CLV(T 0 > 1 yr) = 5. This value will not change anymore since the hazard function is assumed to be constant for T > 1 yr. In Figure 3 , the CLV is displayed both calculated with the best MCM (i.e., the Markov model with the correct average contract duration) and the SMM. It can be seen that the CLV for both models are identical for T 0 = 0. However, during the first year, the MCM overestimates the CLV up to 40% (3.5 instead of 2.5 at T = 1 yr). After the minimum duration period, the Markov model underestimates the CLV by 30% (3.5 instead of 5). This simple example shows that the estimated CLV may differ substantially from the correct value if assuming a Markovian dynamics and using a Markov model. The difference may easily be in the range of more than 30% -in fact it is easy to construct much more dramatic examples with still realistic assumptions. This demonstrates that care has to be taken to model the dynamics correctly. In many cases, and in particular in contractual settings, the dynamics are far from being Markovian. In such cases, CLV estimations based on a Markov model can be expected to be substantially wrong.
Furthermore, when using a Markov model for estimating CLV as a basis for making business decisions in a non-Markovian dynamical environment, there is a high risk that the resulting decisions are wrong. For example, selecting customers for a marketing campaign based on their CLV may result in completely wrong selections and dramatically deteriorate the efficiency of the campaign.
Conclusions
In this section, we have derived a new model for calculating the CLV of a customer in contractual settings based on a Semi-Markov approach. In this model, the dynamics of a customer are described by a set of hazard functions and a transition matrix that may depend on the sojourn time. With this model, both contract restrictions and the sojourn dependent autonomous behaviour of customers can be described in the same framework.
It has been shown that the CLV may be heavily influenced by the shape of the hazard functions. Using the simpler Markov approach by assuming a constant hazard function may lead to substantially wrong CLV estimates.
Case study: estimating CLV for newspaper subscription customers
Introduction
In this section, we describe the application of the SMM to subscription data of a major Swiss newspaper. We obtained the complete contract history of 444,778 customers over a time span ranging from January 2002 to April 2008, which consists of nearly a million different contracts. For each person, some demographic data such as sex, age, region of residence, etc. were available, too. The goal of the study is to evaluate the differences between a classical Markov modelling approach and our SMM approach.
State space model
The state space, as given by the original data, is specified in Figure 1 and consists of only four states. Through direct marketing, the company tries to sell 12-week test subscriptions at a reduced rate. Sometimes, also four-week free trials are offered. Both the test subscription and the free trial end with an upselling campaign to a regular contract. In addition, both customers and non-customers may subscribe autonomously to the regular contract at any time. There is, however, no direct marketing aimed at selling regular contracts to non-customers. The regular contract is on a yearly or (more expensive) half-yearly renewal basis, i.e., terminations are only possible after 6 or 12 months. Exceptions are only accepted in special cases, such as when customers move to another town, etc.
A preliminary analysis of the hazard functions shows that there is a substantial difference in the upselling dynamics of customers who have had a regular subscription before, and customers who did never have a regular subscription, respectively. Furthermore, customers who signed autonomously for a regular subscription had a markedly different sojourn dynamics compared to the ones who attained this state by an upselling campaign. Both these findings indicate that the behaviour of a customer is influenced not only by his current state but also by prior states. This type of 'memory' cannot be modelled with the SMM: while the dynamics in the SMM may depend on the sojourn time, it is assumed to be independent on prior states. Hence, we cannot continue with the simple four-state space from Figure 1 , but have to shape up an enlarged space as displayed in Figure 4 . Two different states for non-customers, namely 'never a customer' and 'inactive customer' are used, where the latter had a regular subscription at an earlier time. Also the regular subscriptions are divided in two states, i.e., 'regular subscription A' which means that an order was placed autonomously, and 'regular subscription B', where the state was reached via upselling from a test subscription or a free trial. Furthermore, we also split the states 'free trial' and 'test subscription' in two versions A and B each, depending on if the customer has had a regular subscription before (A) or not (B). When using this state space, the above mentioned differences in customers' dynamics can be modelled reasonably with the SMM. The possible transitions between the states are indicated in Figure 4 as arrows.
Estimation of the model parameters
The hazard functions of the test subscription and the free trial do not need to be estimated from the data since they are completely defined by the contract. For example, for the test subscription, h(T) = 0 for T < 3 months, and h(T) = 1 for T = 3 months.
In Figure 5 , we show the estimated hazard functions for states 6 and 7, which are the regular contracts that were either achieved by upselling (state 6), or autonomously (state 7). It is apparent that contracts that were signed due to direct marketing as in state 6 are much more likely to be terminated after 12 months, or more generally, during the first two years of the subscriptions. Once a so-called 'upselling'-customer has been a subscriber for more than two years, the dynamics does not seem to differ much from an autonomous customer any more. However, before it does. (a) (b) Note: If the regular contract was attained via an upselling campaign, the hazard function is significantly higher than if customers signed autonomously.
Calculation of the CLV
The CLV for all customers are calculated according to equation (5) The regular subscriptions (states 6 and 7) have weekly profits of eight, where the test subscriptions at reduced price have only small profits of one per week. The free trials have negative net profits: Since the offer is free, no revenue is earned from the customers, but costs still arise due to the delivery. The states without a contract have weekly net profits of 0. The weekly discount factor is set to 0.996, leading to a yearly discounting of approximately 20%.
In Figure 6 (a), a scatter plot of the CLVs of all customers in state 6 (regular subscription B) is shown, where the two axes are the two CLVs calculated with MCM and SMM, respectively. The CLVs of the MCM vary between 500 and 750, the CLVs of the SMM between 500 and 900. The different points align vertically. A set of vertical points correspond to a set of customers who have the same dynamical properties but different sojourn times in the state 1 . It can be seen that the SMM-CLV in Figure 6 (a) is larger than or equal to the Markov-CLV. The reason is that with increasing sojourn time, the hazard function decreases, and the expected additional lifetime within the contract increases, see below.
In Figure 6 (b), the CLVs of customers in state 8 (inactive customers) are shown. Here, the situation is different: The SMM-CLVs are always lower than the Markov-CLVs. In this case, the CLV of a customer is solely created by the probability that he could subscribe again. The longer a customer stays an inactive customer, the lower this probability is, which in turn reduces the CLV. Note that in Figure 6 (a), the Markov CLV may be up to 40% too low, while in Figure 6 (b), the Markov-CLV may be several times too high. Thus, the huge discrepancies between using the MCM and the SMM can be seen in this case, too. Furthermore, since the average difference between MCM and SMM is in the same order of magnitude as the variability of the CLV, the error created by using MCM instead of SMM is similar to the average difference of the CLV among different customers! This makes the results of the CLV calculation with the simpler MCM practically worthless. The influence of the sojourn time on the CLV can be demonstrated by selecting a set of customers with the same MCM-CLV and plotting their sojourn time against the SMM-CLV. In Figure 7 (a), the CLV as a function of the sojourn time is plotted for all customers in state 6 with a Markov-CLV of 570 [compare to Figure 6(a) ]. The dependence of the CLV on the sojourn time is non-trivial: during the first year, the CLV decreases slightly because there is a certain probability of contract termination at the end of the first year. After this cancellation peak which is similar to the one described in Section 3.6, the CLV increases rapidly, reflecting the decreased churn probability of customers who did not cancel at the first opportunity (compare the corresponding hazard function in Figure 5 ).
In Figure 7 (b), the CLV as a function of sojourn time is shown for state 2 (test subscription B) and customers with a MCM-CLV of 37. In this case, too, the CLV increases with increasing sojourn time. However, the reason is different: The value of the CLV at the end of the test subscription is around 58, reflecting the fact that there is a certain probability of switching to the regular subscription. One week before the end of the test subscription, the negative profit of -5 has to be added to the CLV which leads to a reduction. Consequently, the CLV of a customer with T 0 = 0 is around 20 lower than at the end of the test subscription period. Figure 6 and Figure 7 show impressively that there is a huge difference between modelling with a SMM and the traditional Markov approach. For several states, the variability of the CLVs of all customers within this state is of the same magnitude as the difference between the MCM-CLV and the SMM-CLV. This demonstrates that the dynamical information contained in the hazard functions and the transition matrix is extremely relevant for the CLV. Disregarding this information by using the simpler MCM approach may lead to substantially wrong CLVs in many cases.
Conclusions
We have developed a general theory for calculating the CLV of customers with a SMM, extending the established MCM. The SMM allows the appropriate modelling of different non-Markovian dynamical elements which are typical for contractual settings, such as specific contract termination times, or minimum duration rules. In addition, the same framework allows including sojourn time dependent churn rates which are frequently observed empirically but have to be ignored in the traditional MCM approaches.
We have shown that the CLV may indeed be drastically influenced by such dynamics, and using a simplified Markov model may lead to substantially wrong estimates of the CLV. Consequently, business decisions based on these numbers tend to be seriously perturbed by using the wrong model.
The framework of the SMMs is an extremely flexible tool. It is slightly more complicated than MCMs but much more adequate for describing the customer dynamics in many markets, in particular in contractual settings. The dynamical model consists of the two elements of a set of hazard functions and a transition matrix that both may depend on the sojourn time. Both elements can be estimated by standard statistical routines. Thus, in addition to be an adequate description of the dynamics, the SMM can be applied in practice easily using standard statistical packages.
